Supplementary Text
Two-dimensional (2D) momentum-space lattices -techniques and challenges
Techniques
We briefly describe the method by which we use controlled Bragg transitions to simulate dynamical evolution of tight-binding lattice models, in particular discussing how we extend this method to the study of two-dimensional (2D) momentum-space lattices. We additionally detail some of the relevant technical challenges associated with the present extension to the study of 2D lattices in synthetic dimensions, which result in deviations of the experimental data from theory predictions at longer evolution times.
As first described theoretically in (23) and first demonstrated experimentally in (24), we can effectively realize a one-dimensional (1D) tight-binding model describing the dynamics of atomic population in a set of discrete momentum states coupled through Bragg transitions by a pair of counter-propagating lasers (having nominally equal wavelength λ and wavevector k). This is accomplished by simply writing multiple discrete frequency components onto one of the beams, such that individual Bragg transitions are resonantly addressed through the controlled frequency difference of the "single-frequency" laser beam and individual spectral components of the counter-propagating beam. The quadratic energy dispersion of free-particle-like momentum states provides a unique energy difference between every pair of adjacent momentum modes in 1D, and thus a unique Doppler shift and resonance frequency relating to each firstorder Bragg transition between neighboring states. The amplitude of the individual intersite tunneling elements (two-photon Bragg coupling terms) are controlled via the weights of the individual spectral components, the tunneling phases are determined by the relative phases of these frequency components with respect to the single-frequency counter-propagating beam, and the site energies are effectively controlled through two-photon detunings from the individual Bragg resonance conditions (for greater detail see 23, 24). This scheme allows us to engineer arbitrary 1D effective tight-binding models of the form
whereĉ n (ĉ † n ) is the bosonic annihilation (creation) operator for the mode with momentum p n = 2nhk, t n are the link-specific tunneling amplitudes, ϕ n are the link-specific tunneling phases, and ε n are the individual site energies.
The extension of this scheme to higher dimensions may be accomplished in several different ways. One such method would rely on the use of an additional set of counter-propagating lasers, having the same nominal wavelength as the first pair, which however propagate along a unique spatial axis and impart momentum along a different direction than the first pair of laser beams.
The details of this particular scheme have been described in detail in (23).
Here we instead employ an essentially equivalent scheme, as also suggested in (23) and similar to that used in previous studies of so-called coupled kicked rotors (22), which relies on the use of two pairs of laser beams with incommensurate wavelengths that impart momentum along the same spatial axis. A cartoon picture depicting this scheme is shown in λ 1 = 781.5 nm fig. S1A. In our experiment, we use the incommensurate laser wavelengths of and λ 2 = 1064 nm, with associated wavevectors k 1,2 = 2π/λ 1,2 . The set of free-particle-like momentum states that may be coupled from the initial zero-momentum condensate by these lasers via resonant two-photon exchange (Bragg transitions) are labeled by the pair of indices (m, n), relating to the combined momentum transfer of 2mhk 1 + 2nhk 2 . For incommensurate wavelengths λ 1 and λ 2 and the atomic mass M Rb , these modes will have unique energies E m,n = p 2 m,n /2M Rb (see ig. S1B), and more importantly the energy difference between neighboring modes along a particular "modal axis" (i.e. for values of m or n that differ by 1) are uniquely defined. This condition ensures that, analogous to the case in 1D, the effective 2D tunneling elements [for example, with t m,n x e iϕ x m,n relating to the tunneling matrix element coupling the modes with indices (m, n) and (m + 1, n) and with t m,n y e iϕ y m,n relating to coupling between the modes with indices (m, n) and (m, n + 1)] may all be uniquely defined via spectral addressing of distinct two-photon Bragg resonances.
To enable controlled tunneling in a 2D manifold of states with M s × N s sites, N s (M s − 1)
unique spectral components are imprinted onto one beam from the pair with wavelengths λ 1 , whereas M s (N s − 1) unique frequencies appear on one beam from the pair with wavelengths λ 2 . Figure S1B illustrates the mapping between the momentum orders and the sites of the effective 2D synthetic lattice. Open boundary conditions for the system are naturally realized through the truncation of these frequency spectra to a set number of components, as shown in fig. S1C . The direct control of all relevant tunneling phases in this scheme allows us to mimic arbitrary classical U (1) gauge fields. As in 1D, the amplitudes and phases (relative to the counter-propagating single-frequency beam) of the frequency components of the two Bragg laser beams directly control the tunneling amplitudes and phases in this extension to 2D.
Similarly, a 2D landscape of arbitrary site energies may be realized through controlled detunings from all driven two-photon Bragg resonances. Thus, arbitrary 2D U (1) Abelian tight binding f models of the form
with link-specific tunneling amplitudes t m,n x,y and phases ϕ x,y m,n and site-specific energies ε m,n , may be effectively engineered through resonant addressing of Bragg transitions. In the present work, we restrict ourselves to 2D systems with completely flat site-energy landscapes and essentially uniform or homogeneous tunneling amplitudes, investigating only the influence of homogeneous and inhomogeneous flux patterns realized through coordination of the many tunneling phases.
Challenges
The challenges associated with the extension of this momentum-space lattice engineering from 1D to 2D stem mainly from the modification of the relevant spectrum of frequencies that must be addressed by the two pairs of laser beams. In particular, the spectrum of relevant Bragg resonances (both those being addressed and those that must be avoided if those transitions are undesired) becomes much more dense as compared to that of the 1D scheme (see fig. S1C for the frequency spectrum of addressed resonances in the two-leg ladder presently investigated).
The smaller spacing between unique Bragg resonances means that unique spectral addressing may only be accomplished for smaller tunneling (two-photon Bragg transition) bandwidths.
Thus, to study the same number of tunneling events, this scheme using an effective 2D manifold of momentum states requires us to operate at experimental timescales that are much longer than those employed in previous 1D studies (24, 25) , as the rate of tunneling is in general much reduced. In practice, we are forced to reduce the tunneling rates and increase the tunneling times by a factor of ∼4-5 compared to those used in our studies of 1D lattice systems (24, 25) .
This requirement of reduced tunneling bandwidths alone would not necessarily present any challenges, but it reduces the number of coherent tunneling events we can observe if our sys-tem features fixed timescales associated with decoherence or dephasing. Presently, one major limitation of our system is the natural loss of coherent momentum-space dynamics as the momentum states of our condensate separate and lose spatial overlap. While some effort has been put into decreasing the trapping frequencies of our optical trap along one axis to ∼ 2π × 10 Hz, thus increasing the size of our condensate and its coherence length at low temperatures, such considerations should still presently limit us in 2D to the observation of coherent dynamics over ≤ 4h/t. This natural source of decoherence can be ameliorated in future experiments by working with larger condensates with lower momentum-spread, or by working with trapped spatial eigenstates as suggested in (30).
Even ignoring this loss of near-field coherence, these reduced tunneling rates still have a noticeable effect at short evolution times, as shown in Fig. 3 of the main text. Due to the finite size of the trapped condensates, our atoms feature a spread of momenta along the direction of imparted momentum. Because the resonance frequency of each Bragg transition depends on the initial state of the atoms, this leads to a spread of relevant Bragg resonance conditions that can exceed the spectral bandwidth of the applied Bragg laser "pulses" (33). Thus, the expected dynamics of atoms in coherently-coupled momentum orders is not realized for all atoms in the finite-sized condensate, and in particular a significant portion of atoms can be seen persisting in the zeroth momentum order (site (0, 0)) in Fig. 3 , C and D of the main text. We expect that this source of deviation from the expected transmission and reflection dynamics for the inhomogeneous flux lattice could also be ameliorated by working with larger, more spectrally narrow condensates. We believe that large shot-to-shot variations of the experimentally measured dynamics result from this technical phase instability, which can in future experiments be addressed by active stabilization of the lasers' relative phase (4).
To illustrate the magnitude of the shot-to-shot variations in the experiment , and the influence that this had on the observed departures from the expected coherent dynamics, fig. S2A compares images of the magnetic reflection experiment (as in Fig. 3 of the main text) for φ = 0.1π (left) and φ = π (right). At the top are time-of-flight images averaged over 20 experimental shots represented on the synthetic 2D lattice (Mean), the same images used to generate the transmitted fraction data as a function of φ in Fig. 3B of the main text. In the middle we have selected the experimental run exhibiting the largest fraction of transmitted atoms (Max), which we believe in many cases may simply be the run with the least uncontrolled phase variation over the relevant time of evolution. Both of these cases are compared to the theoretically predicted population distribution for fully coherent dynamics. In general, the Max data tends to have better agreement with the theory. More telling is the fact that when large disagreements are seen between theory and the Mean data, a significant fraction of atoms remains in the initial condensate order. For further comparison, fig. S2B shows the experimentally measured transmitted fraction, as in Fig. 3B of the Finally, we note that the afore mentioned complications associated with these longer tunneling times make it difficult to directly calibrate tunneling rates via 2-mode Rabi oscillations, as discussed in (24).
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